A Pierre Deligne,à l'occasion de son 60-ième anniversaire, en témoignage de profonde admiration.
Introduction
If Y is a smooth, geometrically irreducible, projective variety over a finite field k, we singled out in [10] a motivic condition forcing the existence of a rational point. Indeed, if the Chow group of 0-cycles of Y fulfills base change CH 0 (Y × k k(Y )) ⊗ Z Q = Q, then the number of rational points of Y is congruent to 1 modulo |k|. In general it is hard to control the Chow group of 0-cycles, but if Y is rationally connected, for example if Y is a Fano variety, then the base change condition is fulfilled, and thus, rationally connected varieties over a finite field have a rational point. Recall the Leitfaden of the proof. By S. Bloch's decomposition of the diagonal acting on cohomology as a correspondence [2] , Appendix to Lecture 1, the base change condition implies thatétale cohomology H m (Ȳ , Q ℓ ) is supported in codimension ≥ 1 for all m ≥ 1, that is thatétale cohomology for m ≥ 1 lives in coniveau 1. Here ℓ is a prime number not dividing |k|. On the other hand, using Deligne's integrality theorem [6] , Corollaire 5.5.3, the coniveau condition implies that the eigenvalues of the geometric Frobenius acting on H m (Ȳ , Q ℓ ) are divisible by |k| as algebraic integers for m ≥ 1, thus the Grothendieck-Lefschetz trace formula [16] allows to conclude. Summarizing, we see that the cohomological condition which forces the existence of a rational point is the coniveau condition. The motivic condition is here to be able to check geometrically in concrete examples the coniveau condition.
If Y is no longer smooth, then homological cycle classes no longer act on cohomology, thus the base change condition is no longer the right condition to force the existence of a rational point, and indeed, J. Kollár constructed an example of a rationally connected projective variety, but without any rational point. On the other hand, the classical theorem by Chevalley-Warning [4] , [22] , and its generalization by Ax-Katz [1] , [19] , asserting that the number of rational points of a closed subset Y of P n defined by r equations of degree d i , with r 1 d i ≤ n, is congruent to 1 modulo |k|, suggests that when Y is smoothly deformable, the rational points of the smooth fibres singled out in [10] produce rational points on the singular fibres of the deformation. Indeed, N. Fakhruddin and C. S. Rajan showed that if f : X → S is a projective dominant morphism over a finite field, with X, S smooth connected, and if the base change condition is generically satisfied, that is if CH 0 (X× k(S) k(X))⊗ Z Q = Q, then the number of rational points of a closed fibre is congruent to 1 modulo the cardinality of its field of definition ( [14] , Theorem 1.1). The method is a refined version of the one explained above in the smooth case, that if when S is the spectrum of a finite field. However, it does not allow to conclude if one only knows the coniveau condition on the geometric general fibre. On the other hand, the previous discussion in the smooth case indicates that it should be sufficient to assume that the geometric general fibre fulfills the cohomological coniveau condition to force the singular fibres to acquire a rational point. According to Deligne's philosophy of motives, which links the level for the congruence of rational points over finite fields to the level for the Hodge type over the complex numbers, this is supported by the fact that if f : X → S is a projective dominant morphism over the field of complex numbers, with X, S smooth, S connected, then if the Hodge type of some smooth closed fibre is at least 1, then so is the Hodge type of all closed fibres ( [13] , Theorem 1.1).
We state now our theorem and several consequences. Let K be a local field, with ring of integers R ⊂ K and finite residue field k. We choose a prime number ℓ not dividing |k|. If V is a variety defined over K, we denote by Let K 0 ⊂ K be a subfield of finite type over its prime field over which V is defined, i.e. V = V 0 × K 0 K for some variety V 0 defined over K 0 , and let Ω be a field extension of K 0 (V 0 ). For example if K has unequal characteristic, we may take Ω = K. Using the decomposition of the diagonal mentioned before, one obtains (See [14] , Question 4.1 for the corollary, where the regularity of X is not asked for). In particular, our corollary applies for Fano varieties, and more generally, for rationally connected varieties V .
If the local field K has equal characteristic, this is a certain strengthening of [14] , Theorem 1.1, as indicated above. If the local field K has unequal characteristic, we see directly Deligne's philosophy at work. To our knowledge, this is the first such example. In this case, the coniveau 1 condition forétale cohomology is equivalent to the coniveau 1 condition for de Rham cohomology H m DR (V × KK ). By Deligne's mixed Hodge theory [7] , it implies that the Hodge type of de Rham cohomology H m DR (V ) is ≥ 1 for all m ≥ 1, or equivalently that H m (V, O V ) = 0 for all m ≥ 1. Conversely, Grothendieck's generalized conjecture predicts that those two conditions are equivalent, that is the Hodge type being ≥ 1 should imply that the coniveau is 1. Thus one expects that if V is a smooth projective variety over K, with H m (V, O V ) = 0 for all m ≥ 1, then if X is a regular projective model of V , the number of rational points of Y = X × R k is congruent to 1 modulo |k|. In particular it holds for surfaces. Theorem 1.3. Let V be an absolutely irreducible, smooth projective surface defined over Q-algebra L of finite type. If
then for any prime place of L with p-adic completion K, for which V × L K has a regular model X, the number of rational points of the mod p reduction X × R k, where R ⊂ K is the ring of integers and k is the finite residue field, is congruent to 1 modulo |k|.
An example of such a surface is Mumford's fake P 2 [20] , a surface in characteristic 0 which has the topological invariants of P 2 , yet is of general type. We still do not know whether its Chow group of 0-cycles fulfills base change, as predicted by Bloch's conjecture. The surface is constructed by 2-adic uniformization, and the special fibre over F 2 , says Mumford quoting Lewis Carroll to express his "confusion", is a P 2 blown up 7 times, crossing itself in 7 rational double curves, themselves crossing in 7 triple points . . . Theorem 1.3 allows to say (in a less untertaining way) that at other bad primes with a regular projective model, there are rational points as well.
We now describe our method. Our goal is to show that the eigenvalues of the geometric Frobenius
are |k|-divisible as algebraic integers, and thus, by the Grothendieck-Lefschetz trace formula [16] , Y has modulo |k| the same number of rational points as P N k . To this aim, we consider the specialization map
which is the edge homomorphism in the vanishing cycle spectral sequence ( [8] , p. 214, (7), [21] , p. 23.) Let G be the Deligne-Weil group of the local field K. It is an extension of Z, generated multiplicatively by the geometric Frobenius F of Gal(k/k), by the inertia I. It acts on
via its quotient Z · F , and the specialisation map is G-equivariant. On the other hand, denoting by K u the maximal unramified extension of K inK, that is K u = K I , the specialization map has a G-equivariant factorization sp :
, where on the first two terms, G acts via its quotient Z · F . We first show Theorem 1.4. Let V be a smooth projective variety over a local field K with finite residue field k . If X is a regular projective model over R, then the eigenvalues of F on the kernel of the specialization map sp u are |k|-divisible algebraic integers. Theorem 1.4 is a consequence of Deligne's integrality theorem loc. cit. and of Gabber's purity theorem [15] , Theorem 2.1.1.
This reduces the problem to showing k-divisibility of the eigenval-
by the first inertia cohomology group H 1 (I, H m−1 (V × KK , Q ℓ )). By Grothendieck [17] , as k is finite, I acts quasi-unipotently on H m (V × K K, Q ℓ )). As a consequence, modulo multiplication by roots of unity, the eigenvalues of a lifting Φ ∈ G of F acting on H m (V × KK , Q ℓ ) depend only on F ( [8] , Lemme (1.7.4)). In particular, if for one choice of Φ, there are algebraic integers, then they are algebraic integers for all choices. We denote by 
Theorem 1.5 is a consequence of Deligne's integrality theorem loc. cit., of de Jong's alterations [5] and of Rapoport-Zink's weight spectral sequence [21] .
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2. The kernel of the specialization map over the maximal unramified extension
Let V be a smooth projective variety over a local field K with projective model X over the ring of integers and special fibre Y = X × R k over the residue field k which we assume throughout to be finite.
In the following, K u is the maximal unramified extension of K, R u its ring of integers, with residue fieldk. The specialization map sp u [8] , p.213 (6) , is constructed by applying base change
for X proper over R, followed by the restriction map
In particular, one has an exact sequence
Proof. We proceed as in [10] , Lemma 2.1. One has a finite stratification
Thus Theorem 2.1 is a consequence of
Theorem 2.2. If X is regular scheme defined over R, and Z ⊂ Y = X × R k is a smooth closed subvariety defined over k, then the eigenvalues of
Proof. The scheme X defined over R being regular, its base change X × R R u by the unramified map Spec R u → Spec R is regular as well. By Gabber's purity theorem [15] , Theorem 2.1.1, one has an F -equivariant isomorphism
where c is the codimension of Z in X. Thus in particular, F acts on
We are back to a problem over finite fields. Since c ≥ 1, we only need to know that the eigenvalues of F on H m (Z × kk , Q ℓ ) lie inZ. This is [6] , Lemma 5.5.3 iii) (via duality as Z is smooth).
This finishes the proof of Theorem 2.1. Remark 2.3. We observe that (2.1) together with Theorem 2.1 implies that if V is a smooth projective variety defined over a local field K, and V admits a regular model over R, then the eigenvalues of F on H m (V × K K u , Q ℓ ) are algebraic integers, and they are |k|-divisible algebraic integers for some m if and only if the eigenvalues of F on H m (Y × kk , Q ℓ ) are |k|-divisible algebraic integers for the same m.
Eigenvalues of a lifting of Frobenius onétale cohomology of smooth projective varieties
Let V be a smooth projective variety over a local field K with projective model X over the ring of integers R and special fibre Y = X × R k over the finite residue field k. Let Φ be a lifting of Frobenius in the Deligne-Weil group of K. The aim of this section is to prove Theorem 1.5.
Recall that X/R is said to be strictly semi-stable if Y is reduced and is a strict normal crossing divisor. In this case, X is necessarily regular as well. Recall from [5] , (6.3) that if A ⊂ X, A = i A i is a divisor, (X, A) is said to be a strictly semi-stable pair if X/R is strictly semi-stable, A + Y is a normal crossing divisor, and all the strata A I /R, I = (i 1 , . . . , i s ) of A are strictly semi-stable as well.
Proof of Theorem 1.5 i).
Let V be as in Theorem 1.5 i). Let K ′ ⊃ K be a finite extension, with residue field k ′ ⊃ k, and Deligne-Weil group G ′ ⊂ G. Let σ : V ′ → V be an alteration, that is V ′ is smooth projective over K ′ , σ is proper, dominant and generically finite. Then
. Thus Theorem 1.5 for Φ ′ implies Theorem 1.5 for Φ. By de Jong's fundamental alteration theorem ([5] Theorem 6.5), we may find such K ′ , V ′ with the property that V ′ has a strictly semi-stable model over the ring of integers of K ′ . Thus by the above, without loss of generality, we may assume that V defined over K has a strictly semi-stable model X over the ring of integers R ⊂ K. We denote by Y = X × R k the closed fibre. It is a strict normal crossing divisor. We denote by Y (i) the disjoint union of the smooth strata of codimension
is the disjoint union of the components of Y etc. We apply now the existence of the weight spectral sequence [21] , Satz 2.10 by Rapoport-Zink (see also [18] , (3.6.11), (3.6.12) for a résumé)
It is G-equivariant and converges in E 2 ([18], p. 41). Thus the eigenvalues of Φ on the right hand side are (some of) the eigenvalues of F on the left hand side. We apply again Deligne's integrality theorem [6] , loc. cit. to conclude the proof.
Proof of Theorem 1.5 ii).
Let V be as in Theorem 1.5 ii). Sinceétale cohomology
Since as in the proof of i),
′ -equivariant and injective, Theorem 1.5 ii) for Φ ′ implies Theorem 1.5 ii) for Φ. We use again de Jong's alteration theorem [5] Theorem 6.5. There is a finite extension K ′ ⊃ K, with an alteration σ :
′ has a strict semi-stable model X ′ over R ′ , the ring of integers of K ′ , and such that the Zariski closure
is strictly semi-stable. Thus by the above, we may assume that (X, A) is a strictly semi-stable pair, where A is the Zariski closure of A 0 in X. If I is a sequence (i 1 , i 2 , . . . , i a ) of pairwise distinct indices, we denote by A I the intersection
One has the G-equivariant Mayer-Vietoris spectral sequence
together with the G-equivariant purity isomorphism (e.g. [15] , Theorem 2.1.1)
where c I is the codimension of A I in X. Since c I ≥ 1, we conclude with Theorem 1.5 i).
4. The proof of Theorem 1.1 and its consequences.
Proof of Theorem 1.1. We denote by Φ a lifting of Frobenius in the Deligne-Weil group of K. Using Remark 2.3, |k|-divisibility of the eigenvalues of F acting on H m (Y × kk , Q ℓ ) is equivalent to |k|-divisibility of the eigenvalues of Φ acting on
On the other hand, one has the F -equivariant exact sequence [8] , p. 213, (5)
Here I means the inertia coinvariants while I means the inertia invariants. The quotient map Let Y ⊂ P N be a projective embedding of Y defined over the finite field k, with complement U = P N \ Y . The localization sequence ) if m is even, imply that the eigenvalues of F acting on H m c (U × k k, Q ℓ ) are all |k|-divisible algebraic integers. By the GrothendieckLefschetz trace formula [16] applied to U, it shows that the number of rational points of Y is congruent to the number of rational points of P N . This finishes the proof of Theorem 1.1.
Proof of Corollary 1.2. One applies Bloch's decomposition of the diagonal [2] , Appendix to Lecture 1, as mentioned in the introduction and detailed in [10] , in order to show that the base change condition on the Chow group of 0-cycles implies the coniveau condition of Theorem 1.1.
where A is a divisor in V 0 . This decomposition yields a fortiori a de-
, while the correspondence with ξ ×V 0 kills H m (V × KK , Q ℓ ) for m ≥ 1 as it factors through the restriction to
We apply Theorem 1.1 to conclude.
Some comments and remarks
5.1. Theorem 1.5 ii) is formulated for N 1 and not for the higher coniveau levels N κ ofétale cohomology: one may ask, if V is absolutely irreducible, smooth projective over K, with regular model X over R, whether the eigenvalues of F on the intersection of the image of sp u with N κ H m (V × K K u , Q ℓ ) are all q κ -divisible algebraic integers. The generalization of our proof for κ = 1 to a higher κ would require a complete control of an alteration making the codimension κ-cycle supporting the cohomology in good position. We do not know whether this is possible.
If the answer was positive, then Theorem 1.1 would generalize. Under the N κ -coniveau assumption and the existence of a regular model, the conclusion would be that the number of rational points of Y is congruent to the number of rational points of P N modulo |k| κ .
5.2.
Kollár's example of a rationally connected surface (personal communication) over a finite field k, but without a rational point, is birational (overk) to the product of a genus ≥ 2 curve with P 5.3. The correct motivic condition for a projective variety defined Y over a finite field k, which implies that the number of rational points of Y is congruent to 1 modulo |k|, is worked out in [3] . Let us briefly recall it. If Y ⊂ P N is any projective embedding defined over k, with complement U, and σ : P → P N is an alteration of P n which makes σ −1 Y =: Z a normal crossing divisor, then there is a divisor A ⊂ P in good position with respect to all strata of Z so that rationally, the motivic class Γ σ ∈ H 2N ((P × U) × kk , (Z × U) × kk , N) dies on P \ A 0 = Γ σ | P\A ∈ (5.1)
Here Γ σ is the graph of the alteration σ. And we know by the main theorem in [3] that hypersurfaces Y ⊂ P N of degree d ≤ N fulfill this motivic condition. Given Corollary 1.2, it is conceivable that the condition CH 0 (V 0 × K 0Ω ) ⊗ Z Q = Q directly implies our motivic condition (5.1). We could not compute this, as moving cycles over discrete valuation rings is not easy.
5.4.
In the light of [13] , Theorem 1.1, one would expect that if V is projective smooth over K with smooth model X over R, if K has unequal characteristic, and if H m (V, O V ) = 0 for all m ≥ 1, then there is a way using rigid geometry which allows to conclude that Y has a point. Grothendieck's generalized Hodge conjecture surely predicts that the coniveau 1 condition onétale cohomology of V × KK and the vanishing of H m (V, O V ) for m ≥ 1 are equivalent, but we do not know the answer so far. It would give some hope to link higher Hodge levels κ for H m DR (V ) to higher levels κ for divisibility of Frobenius eigenvalues iń etale cohomology and to higher levels κ for congruences for the number of points of Y . In particular, it would give a natural explanation of the main results in [11] and [12] where it is shown that for a closed subset Y ⊂ P N defined over a finite field, the divisibility of the eigenvalues of F is controlled by the divisibility for the number of rational points of P N \ Y as stated in the Ax-Katz theorem [1] , [19] . Our Theorem 1.1 provides a natural explanation for κ = 1.
